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Abstract—In order to expand a formal linearization method
on designing an observer for nonlinear dynamic and
measurement systems, we exploit the discrete Fourier
expansion that can reduce computational complexity. A
nonlinear multidimensional dynamic system is considered
by a nonlinear ordinary differential equation, and a
measurement equation is done by a nonlinear equation.
Defining a linearization function which consists of the
trigonometric functions considered up to the higher-order,
the nonlinear dynamic system is transformed into an
augmented linear one with respect to this linearization
function by wusing the discrete Fourier expansion.
Introducing an augmented measurement vector which
consists of polynomials of measurement data, the
measurement equation is transformed into an augmented
linear one with respect to the linearization function in the
same way. To these augmented linearized systems, a linear
estimation theory is applied to design a nonlinear observer.

Index Terms—nonlinear system, nonlinear observer, formal
linearization, discrete Fourier expansion

I.  INTRODUCTION

There exits an estimation problem of the state of
nonlinear systems on the basis of output data which may
not provide enough information to determine the state of
the systems. Measurement equations might be given by
sticky nonlinear functions. The design of observers for
such nonlinear systems is not easily made and is less
understood than those for linear systems. Linearization is
one of approaches in order to apply the linear system
theories [1]-[6]. Formal linearization [7]-[12] is one of
them to treat with these nonlinear problems.

In the previous work, a nonlinear observer design
using the formal linearization method based on the
Fourier expansion was considered [11]. In this paper, we
develop a nonlinear observer via the formal linearization
method based on the discrete Fourier expansion in order
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to reduce computational complexity. Introducing a
linearization function which consists of the trigonometric
functions of the state variables, and then composing an
augmented measurement vector which consists of
polynomials of the measurement variables, a given
nonlinear system is transformed into an augmented linear
system by using the discrete Fourier expansion. To this
formal linear system, a linear estimation theory is applied
to derive a nonlinear observer. In this approach, its
inversion is obtained by simple calculation of the
combination of the trigonometric functions.

One of advantages in this method is that coefficients of
linearized system are simply obtained by carrying out
summation due to the orthogonality for a finite sum.
Because the previous work [11] must be executed by the
complicated integral calculus to get them.

Numerical experiments are illustrated to verify the
effectiveness of this observer design in comparison with a
conventional linearization based on Taylor expansion
truncated at the first order.

Il.  PRELIMINARIES

In this section, we explain an estimation problem.
Suppose that a nonlinear dynamic system is described by
a state differential equation

Iy ca(t) = f(x(t)),

z(0) =z €D
where t denotes time, = d/dt, x is an nxl state vector, and

f is a sufficiently smooth nonlinear function. D is a
compact domain denoted by the Cartesian product:

(1)

D= H[h —'pg,fi +p§] c R"
i=1

where |; (I; €R) is the middle of the domain of x; and p;
(pi > 0) is half of the domain of x; (i =1, ---, n).
Let a measurement equation be described as
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n(t) = h(z(t)) € R’ (2)

where 77is an ¢>1 output vector with ¢< n, and h(x) is a
sufficiently smooth nonlinear function.

The problem is that the state of the nonlinear dynamic
system (1) can be estimated by use of the given nonlinear
measurement output (2).

I1l. NONLINEAR OBSERVER BY FORMAL
LINEARIZATION

A. Formal Linearization for Dynamic System

In this paper, we exploit the discrete Fourier expansion
by using a formal linearization method [11]. Since the
basic domain of the Fourier expansion is

T

Do = []l0, 2] (3)

i=1

and state vector @ is changed into ¥ by

y=aP Yz - L)+l €D, (4)
where

I n 0

L=|:|,P= .
En 0 Pn

1 1

I = : ,y = '
]' y'n.

The given dynamic system (1) becomes
Lo o 1 _ .
9 =P F(PCy() - D+L). ()

The discrete Fourier expansion has the trigonometric
functions {7(-)} defined by

To(ws) = 1,

r+1
cos yi » 1 :odd number
E‘(yi) - T 2 3
S ;i r : even number

and their derivative of the trigonometric functions

dT,.(y;
5, (y) = o) )
is given by
So(yi) =0
r+1 . r+1
_r sin %yi , 7 :odd number
Sr(:"}i) = T 2 T = ) |
E COos 5_1‘)1, s T Levell numbper

(8)

Using these trigonometric functions, an N-th order
linearization function ¢(-) = ¢(y(-)) which consists of
the trigonometric functions is defined as
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¢ = [p1,02, i Pangryn—a]”
= [Tho-0)(¥), Tio1.0)(%)s - - s Tio..01) (¥),
Ti1-0)(¥)s Taor0)(¥)s -+ Tiao..1) (¥),
T(20--0)(¥):s Tio2--0)(¥)s -+ s Ty o) (),
 Tanam(@)]" 9)
where .
Tiry vy (Y) = H T (yi)
i=1

The derivative of each element of ¢ along with the
solution of the given nonlinear system (1) becomes

T (rr)(Y)
ryeern) (Y) = Ty

baly) = T
= [Srl(yl)T,,z(w) -

Ty, (Yn—1 )Tru (Un)s
T, (yl)Srg('yz) Ty (Yn-1)Tr, (Yn), -+

(yl 2 (J2) :R‘“ 1 (yn—l)S?‘n [yn )]
wa‘lf(P(;y(t) ~ I+ L)

= Grrprn)(Y), @ =a(ry, -, ).

(10)
Applying the discrete Fourier expansion which is

considered up to the N-th order, this Gi...rm(y) is

approximated by the trigonometric functions as

A r1 T Z Z C(;l ;:)T(Ql Qr( ) (11)

M= =0 Qﬂ—o

where the coefficients of the discrete Fourier expansion
(r1eern) .

Clarq is computed using the following formula
N N

H(zN+1 ) J1=042=0
i=1

Cl'ﬁ rn)

(g1-gn)

N
D Gryor) Wi Y25 5 Uni)

Jn=0
X TQl ('yl_‘h )qu (?;23'2) e Tqu (yﬂjn) H (12)
~ = {the number of ¢; =0:1 < i < n},

and the sample points {:;; } are set to be

Yijs = Q;%jg, (i=1,---,n, ji=0,---,2N). (13)
Substituting this G,.,.... y(y) into (10) yields
B(y) ~ Ap(y) +b (14)
where
[Aa ] = [C2T)] € REN+D"-Dx(@N+1)"-1)

'-]'n)

[ba] [C((g o u)] € R(QN—FI)R—I .3 43((}1 q;n,)‘

Thus a formal linear state differential equation is derived
by
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Yo z(t)=Az(t)+ b,
¢(y(0)) = ¢(wP~ (x(0)

(15)

z(0) = —L)+xl).

From (4) and (9), the inversion is carried out as follows.

Let us introduce a vector %»;; which extracts the (r; i)-th
element

010---

W, ;=0 0] (16)

namely,
Tri(yi) = trab(y).
Since T'(y:) = cos(y;), To(y:) = sin(y;), and
- cos ' T (i) » if Th(y:) =0
Y=\ 21 — cos! T (y;) , if Toly;)) <0’
the approximates g; by the formal linearization are
determined by

Bi(t) = {

and the estimate & is obtained as
1.
P(;y(t) - I) VL

B. Formal Linearization for Measurement Equation

In order to improve performance of estimation, an
augmented measurement vector [11] is introduced which

if apoiz(t) >0
if T_;")‘ziZ(t) < 0

cos™ () |
21 — cos” L py2(t)

(t) = (17)

is an M-th order measurement vector
Y() = Y(n( ))defined as
Y Y1, Y2, Yiy - YViargryea)”
= [T(mu-o)( )!TEOI---O](n)e"'%TEO--~01)(77)~
Tty () Tio1-0) (M) - Ty (M),
T(20...0) (M) Tog...0) (M) s Ty (M),
s T(fn-f-.qw) ("?)]T (18)
where

£
T{'r'-; ) (n) = H T}':,r N
i=1

From the given measurement equation (2), each element
function of (18) is written as

Yor(n) =Ty (M H”
= (p(%) o L)h.?(P(@ ~ ) +L)

w (P n s 1) =6, L), (9)

o =a'(ry, - 1)
Applying the discrete Fourier expansion which is
considered up to the N-th order to this augmented
measurement equation, this G{, _,,(u) is approximated
by the trigonometric functions as

2N

E ' Ty 1

Glryoory (U Z Zp (a2 gy Llar--a) (¥) (20)
q1=0 gn=0
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where the coefficients of the discrete Fourier expansion

cirm) s computed in the same way as in (12)

ey _ 27
Clavan) = Sy
H(Z‘V + 1) S1=052=0
i=1
N
Z GE?‘I ) (?flj'] s Y2525 ,-ynjn)
Jn=0

X T, (Y15, )T g (Y250) - -+ Tg, (Unji, ) (21)

4" = {the number of g; =0:1 < i < n}.

Substituting this G, ., (y) into (19), the augmented
measurement equation becomes

Y =~ Do(y) +e (22)
where
[Dor’ 5!] _ [O!E;];F))} c R((M+1)£—1)x((?N—H)"—l) .

[ea ] — [C!(71 “Te) ] cR ((M+1)* —l)

){j — !5{((}‘13 te (In)
Thus a formal linear measurement equation is derived by

Y (t) = Dz(t) + ¢ (23)

C. Design of Nonlinear Observer

To the above linearized system ((15) and (23)), a linear
theory is applied so that the identity observer [13] is
synthesized as

2(t) = A2(t) + b+ K(t) (Y (t) — (D2(t) + ¢)),

2(0) = ¢(#(0) = p(x P~ (&(0) — L) + 1)
where &(0) is an initial value of the observer, K(t) is an
observer gain as

(24)

K(1) %R(I‘.)Drl’if’(t) c R([2N+1)"—1)x((ﬂf-ﬁ-l)f—l)‘

R(t) satisfies the matrix Riccati differential equation as

R(t) = AR(t) + R(t)AT + Q(t) — R(t)DTW (t)DR(t)

(25)
where Q(t), W (t) and R(0) are chosen to be arbitrary real,
symmetric, and positive definite matrices. With the
reference to the exponential estimator [13], the error in
the state estimate e = z — £ is uniformly asymptotically
stable in the sense of Lyapunov.

From (17), the estimate &(t) is obtained by

ity = { 5T ), () 20
PR 2m - cos T huia(t) if piz(t) <0’
and )
A yl(t
@(t) = P(% - I) +L. (26)
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IV. NUMERICAL EXPERIMENTS

To investigate the performance of the proposed method,
numerical experiments of nonlinear observer are
illustrated for a simple scalar system compared with
conventional linearization based on the Taylor expansion
truncated at the first order.

Suppose a dynamic scalar system

i=2a% z(0)=-1, D=[-1,00C R, (27)
and a measurement equation
n = sin . (28)

To apply the above formal linearization, the values for
changing state variable in (4) are set as

L= —0.1,P = 0.901,

the linearization function and the

measurement vector are

augmented

cos Y
sin gy
cos 2y
sin 2y
cos Jy
sin 3y
cos 4y
sin 4y
cos by
sin Sy )

respectively, when the order of the linearization function
and the measurement vector Mare N =M =5.

To synthesize the nonlinear observer for the given
system ((27) and (28)), parameters for the nonlinear
observer (24) are set by the unknown value x(0) = —1,
an initial value of the observer @(0) = —0.3,

1 0 0 0

Qt) = =diag(1,1,1,1,1),

oo oo
e e I e Y

0
0
1
0

= O O O

1
0
0
0
R(0) = diag(1,1,1,1,1)

when N = 5. Besides, W(t) = diag(10°, 10°, 10°, 10°, 10%)
when M = 5, W(t) = diag(10°, 10°, 10°, 10°) when M = 4,
W(t) = diag(10°, 10% 10°) when M = 3, W(t) = diag(10°,
10°) when M = 2, and W(t) = 10° when M = 1.

Fig. 1 shows the true value x of (27) and the estimates
& of (26) when N is fixed at 5 and M is varied from M =
1 to 5. Taylor refers to a result obtained by the
conventional first order method, which is based on the
Taylor expansion truncated at the first order [14]:

& = 2oz — 222 + &g
and
n = (cos &g)x — &g cos g + sin &g .

Here, the operating point is i,=0.6, the parameters for
this observer are Q(t) = 1, W (t) = 10°, and R(0) =1.
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Fig. 2 depicts the integral square errors of estimation

J(f) = /0'(x(r) —3(r))%dr

for the various orders and the conventional first order
method(Taylor).

L
——

-0.3 T
T\"" {\\r=5, M=1

N=5, M=4 and N=5, M=5

] ]
0 0.5 1

I

Figure 1. True value and estimates by various orders.
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.F 7 TTN=5, M=1 \N=5 M=2
N
s | /7
S-18p fy N=5, M=3
20 | l}  -rcsoTmoTmotmooos
-= I . 7" \
j I v N=5, M=4
- B N=5, M=5
1.9 ,f_»”j’ M
oI ! I
0 0.5 1
t
Figure 2. Integral square errors of estimation by various orders.

V. CONCLUSIONS

We have developed an observer for a nonlinear system
by a formal linearization method exploiting the discrete
Fourier expansion and an augmented measurement vector.
By this method, coefficients of linearized systems are
obtained by calculating simple summations of finite terms
and sample points. It causes reducing computational
complexity. Numerical experiments show that our
method is better than the conventional first order method
and the accuracy is improved as the orders of the
augmented measurement vector increases.
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